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CrossMark
Abstract
We evaluate the performance of three plasma "uid models: the !rst order
reaction-drift-diffusion model based on the local !eld approximation; the second order
reaction-drift-diffusion model based on the local energy approximation and a recently
developed high order "uid model by Dujkoal (2013J. Phys. D 46 475202) We !rst review
the "uid models: we brie"y discuss their derivation, their underlying assumptions and the
type of transport data they require. Then we compare these models to a particle-in-cell/Monte
Carlo (PIC/MC) code, using a 1D test problem. The tests are performed in neon and nitrogen
at standard temperature and pressure, over a wide range of reduced electric !elds. For the "uid
models, transport data generated by a multi-term Boltzmann solver are used. We analyze the
observed differences in the model predictions and address some of the practical aspects when
using these plasma "uid models.

Keywords: streamer discharges, modeling, convection diffusion reaction, high order model,
particle in cell, Monte Carlo

(Some !gures#may appear in colour only in the online journal)

1 Introduction in phase spacer| 8]. Particle models have few underlying
assumptions or approximations, and therefore give accurate
The development of models and simulation techniques faedictions over a wide range of conditions, but they are com
electrical discharges has been ongoing for more than !patationally relatively expensive. In recent years, particle
decades. Here we focus on models for streamer dischargedges that use graphics processing units (GPUs) have shown
which are rapidly growing ionized channels that are non-lipromising speed-up$]
early controlled by space charge effects. In these dischargesThe second type of models are the so-called kinetic
electric lelds and electron energies are getting particulamyodels, that couple the full Boltzmann equation# with the
high in the ionization front. Streamers occur in nature dighoisson equation. Such models are computationally very
ning and sprites2, 3]) and technology (plasma-assistedostly, because they require a numerical grid that covers the
combustion 4], plasma medicine5], disinfection p] etc). full phase space. However, advances in computing power and
Streamer models can be categorized into four types: partiglgorithms have made some of these fully kinetic simulations
models, kinetic models, "uid models and hybrid models. possible 10, 11].

Particle models are typically of the particle-in-cell (PIC) The third type of models are the plasma "uid models,
type. With these models, a large number of particles is fethich describe the electron dynamics in plasma based on
lowed as they move through the simulation domain, so tiaécroscopic quantities like electron density, average elec
one has direct information about the particle distributiaron velocity, average electron energy etc. Fluid models
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are typically constructed by taking the velocity moments - Streamer channels enhance the electric !eld at their tips,
of the Boltzmann equation. Depending on the number of just like elongated conductors. This !eld enhancement
moments considered and the closure assumptions, different depends on the curvature of the streamer head, and is
"uid models have been derived over the last four decades therefore missing in a one-dimensional ionization wave
[1,12B16]. Fluid models require less computational resources without curvature.
than particle models, yet they can provide reasonably-accu- The electric !eld ahead of an ionization wave does not
rate results. naturally decay like it does for a streamer with local !eld
Finally, hybrid models combine the strengths of the "uid enhancement. This can make the 1D ionization wave a
and particle approaches, by combining the fast speed of "uid harder test problem thaBtreame®tests in 2D/3D: the
simulations with the accurate particle kinetics of particle growth in the whole region ahead of the front needs to be
models. Different types of hybrid models can be constructed. accurately describe@].
In some applications, a particle model is used to follow - As a streamer channel grows, more charge is required
high-energy electrons while low energy electrons and ions at its tips to screen the interior electric !eld. This gener
are treated as "uidlf/]. Alternatively, one can use different  ates an internal current, and therefore an internal electric
models in different spatial regionsd. leld. For an ionization wave in a constant background
In the present paper we consider three plasma "uid models: !eld no such current is required, and its internal !eld is
the Irst order reaction-drift-diffusion model based on the local completely screened.
leld approximation; the second order reaction-drift-diffusion

o The structure of the paper is as follows. In secHpmie
model based on the local energy approximation and a recentl - . .
. o . . Iscuss the origin of the different "uid models (the Boltzmann
developed high order "uid model. We investigate how we

these models can simulate ionization waves in 1D, by Coequatlon). In sectiong and2.3, we brie’y summarize the

. ) S erivation and the underlying assumptions of the !rst and
paring them with a PIC code. Such ionization waves can bé - .
. high order "uid model. In sectio®#, we present the second
seen as the 1D version of streamer channels. . . . .
. . order "uid model. We shortly discuss the particle model in
In [19], part of this model comparison has already been” . . .
. . ; ectionB. In section®the transport data for neon, which are
carried out. Here, we extend our previous work in the foﬁ . . . . .
. : used in the "uid models, are described in some detail. The
lowing way: . . . .
simulation conditions that we use for comparing the models
- Compared to19], we now include an additional model are discussed in secti@n#and the results of the comparison
namely the second order reaction-drift-diffusion mod@fe given in sectio#In section# we discuss our results in
with an energy equation. more detail and we give our conclusions in secBion#
-In [19], simulations were carried out in nitrogen only,
here we consider both neon and nitrogen at stand&cdFluid models for streamer discharges
temperature and pressure (STP). The major difference
between these two gases is that neon is an atomic gasHml dynamics of a system of charged particles can be
nitrogen a molecular gas, see also the discussion belodescribed microscopically by the Boltzmann equation#or by
- Here, we also discuss some of the more practical aspdibes Particle-in-Cell Monte Carlo (PIC/MC) technique. While
that are important when using the models. the latter one follows individual particles in phase spaég [
_ _ _ the former one describes the ensemble of particles by the dis
Compared to nitrogen, neon has fewer inelastic channgiution function, or phase densilf (r,c,t) in phase space
with higher threshold energies. Because neon is an atoyr,c) for particle speciesat timer. The evolution of distribu

gas, it does not have the vibrational and rotational excitfn function is described by the Boltzmann equat28t2s]:
tions of nitrogen. This means that, even though the ionization

energy is higher, neon discharges can be generated in lower I + C" # 5+ SE- #efi =% I, 1), 1)

electric lelds, due to the smaller energy loss in inelastic-chan mi

nels. Furthermore, certain non-local phenomena, such asteere! is the differential operator with respect to sprice

high electron energy in the streamer channel (despite the eta@! . with respect to velocitc, ¢; andm; are charge and

trical screening there), are more pronounced. Neon is also fress of species andr is time. The right-hand side of equa

quently used in industry (e.g. neon lamps, plasma medicingpn#(), J(%,,), describes the collisions of charged particles
In this paper we use a one-dimensional ionization wawéth neutral molecules, accounting for elastic, inelastic, and

as a test problem. An ionization wave forms when an- elemn-conservative (e.g. ionizing or attaching) collisions,fand

tric leld above the breakdown threshold is applied. Electroisthe velocity distribution function of the neutral gas (usually

move in the !eld and produce electron-impact ionization, aidken to be Maxwellian at !xed temperature).

after some time the degree of ionization is suflcient to create If we work under electrostatic conditions, then space charge

an electrically screened region. As mentioned above, sudfects can be accounted for by coupling the Boltzmann-equa

ionization waves can be seen as the one-dimensional equiia#to Poiss@d equation:

lent of streamer channel®(]. There are a couple of important 1

: ; ; it w2\ —
differences between one-dimensional ionization waves and V=# /_! q ni(r, t), 2)
streamers, however: 0
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so that the electric leld can be calculated by: the system&) and Q) is coupled to the Poisson equati@y#(
E=!l "V, 3) and@) which in 1D has the following simple form:

whereV is electric potential ¢ is the dielectric permittivity, 'E _ (n n) 10

andg; andn; are the charge and density of speti@sectrons, Ix ! LR (10)

ions, excited states etc). One should note that the Boltzmann o _ _ _
equation#provides a complete description of the distributf@Hring derivation of this model the following assumptions are
in phase space of specigswhile the densitys; in equa Made:

tion#2) is a macroscopic (averaged) quantity. The number.

density n; can be directly calculated from the d|str|but|0n(') the distribution of random velocities is close to isotropic.

function f (r,c, t): This is a strong assumption for streamer discharges,
| L] .

where at the streamer tip the electric 'eld is locally very
n(r,t) =1 f(r,c t)dc 4) high and strong pressure gradients exists,
' (i) the momentum transfer by collisiolCqyc="! nml gV,

For most applications, especially those that require two or where ¢ is the effective momentum transfer collision fre
three spatial dimensions, it is not feasible to solve the system quency, which accounts for momentum transfer exchange
(1)E(3) with direct numerical simulations. An alternative  only in elastic and inelastic collisions,
approach is to consider the velocity moments of distributi¢ii) the source term in the mass balance equatiC, = n!|,

function: where! | is the ionization collision frequencies due to elec
tron-molecule collisions, for non-attaching gases.
Q)= —— 1! (of(r,c,t)dc, (5) (iv) the rate of momentum change is smaller than the rate of
( - momentum transfe g,
with! (c) = 1,mc,%m:2 he2cE giving the average velocity (v) as a further simplilcation all transport properties are
— average energl = 12 mcz average electron energy functions of the local electric !eld, i.e. the Local Field
' Approximation (LFA) is used.
ux =12 chC' and so on<> represents the average oveyyj) the system is close to equilibrium and the Nernst-

the veIOC|tyc of the charged particles. Using this approach Townsend-Einstein relatioD/p = kT/e is valid, where
the set of moment equations#can be found by multiplfing (D is the diffusion constang is the electron mobility and
by! (c) and integrating over the velocity space: T is the electron temperature,

Le(nt () +" #(n(t (c))) $n%E#{ "d (@)= GC. () We would like to remark that, when the classical "uid
_ o model is derived from the Boltzmann equatiaj#tbe diffu-
whereG, is the collision term: sion coeflcient, strictly speaking, is a scalar. But in the case
. of streamer discharges, the diffusion tensor can be strongly
G =" 11(9J(f)dc @) anisotropic. A few authors have considered this anisotropic
diffusion [18, 34]. Particularly, in B4] the effect of anisotropic
diffusion on branching phenomena of negative streamers is
vestigated. In I8, 35, 36] a phenomenological extension
the classical "uid model based on a gradient expansion of
tron density is provided. In what follows, the classical
model will be denoted by LFA.

To derive the tern{! ¢! (c)), a partial integration ovec has
been performed.

In the following subsections we present different modeI
with respect to the number of moments considered. Exceptcf
the high order model, these models have been frequently uPs
over the last few decades. We give a short list with the ma?H
assumptions present in the models.

2.2. The second-order model

2.1 The rst-order or classical model The second order model also considers the energy balance

The Irst order model, also called classical model, is the sifgduation. Depending on the closure assumption, one can

plest and most used model considered in this whrkd, 17, obtain conceptually different second-order models. In this
20, 27883). For the full and strict derivation we refer tb, [ section# we discuss the model called LEA (Local Energy

15]. This model considers only the !rst two balance laws frorﬁpprommatmn) which originates (to our knowledge) from

the system@). For electrons and ions it reads as: [37EB9]. This model has been used by many others in different
applications 13, 17, 18, 40E60] and reads as follows:
= "# (V/(E)PE + D(E)#" n} nl(E), 8
t (*(E) (E)#" n} nly(E) (8) et S (), 1)
I'inign= N (E), 9
fon ! 2 o= NHi( ), (12)

whereE =| E|, njo, is ion density and where mobility, dif-

fusion D and!, are functions of the local electric !eld. In 5

equation#) we assume that the displacement of ions is neg ()= # §$ %!) E£% #nl i kit;, (13)
ligible (e.g. when considering short time scales). Of course,
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T'=! nu(")E! DI n. (14) !_n+.. 4y =nl (16)
The following assumption underline in derivation of this 't
model:

! 2 e
—(mv)+ —" (n)# n—E= #nv( + ")),
(i) the assumptions @}vi) from the sectior2t1 are valid, ! t( ) 3m (nt) m Gt ™) (7

i.e we have equatior8j{ but with transport parameters

depending on local average electron energy, Loy | e #&' 305 *
(i) the total energy transfer (losses) is due to the elastic aﬁ(n' )" Hnt) SeE#H) =$n e%b- $ EkTO) * A)'+ '

inelastic collisions: (18)

G =nl Kb,
]

# 2n, % 5
(15) L n)y+" 1l =2y “nteE= ##.01 19
!t()$3m&3 e (19
wherek; andt; are the collision rate coeflcient and energy, v 1k is the electric

loss per electron per collision (elastic, inelastic) for th ‘eldyn ande are electron mass and
> P P ISt ' §1arge,T0 is gas temperature aridis the Boltzmann cen
collision process denoted ly

stant. The average collision frequencies for momer Jamd

(iii) the pressure tensor is simplited P = nkT!  2n!1, energy transfer in elastic collisiorsare delned in 1], !

(iv) the heat "ux vectoq is assumed to be proportional to thgs the ionization rate coeficient. The ter 1represents the
gradient of the electron average eneq=! gnD" I, average energy lost in one energy relaxation 1 > and
whereD is the diffusion coeflcient, is given in [l]. " is a parameter introduced to approximate

(v) all transport properties are functions of the local averatiee high order tensors in the energy "ux equation#in terms of
electron energy, i.e. the Local Energy Approximatiolower moments].
(LEA) is used. In the system 16)E(19) the following assumptions are

. . . : . resent:
This system is again coupled with the Poisson eqLPa

tion#(10). As illustrated by Hagelaar and PitchforD], the (i) G = n!},

LEA model is consistent with classical theory for electroffii) the momentum transfer approximation is employigdd

transport based on the two term approximation for solving the evaluate collisional terms,

Boltzmann equation. giii) the pressure tensor is simpliledP = nkT! 2n!1,
Markosyaner al [19] have investigated the importance of o _ 8 o

the energy "ux equation#by deriving a second-order modi) the temperature tensor is isotropic, and hicc' ! — |

with neglected energy "ux term. A similar system has beefv) the higher order tens¢c?cc) appearing in thenergy

derived by Kanzarer al [14]. Eichwald er al [13] used a "ux balance equation can be expressmsda product

similar approach to simulate streamer dynamics and radical of the lower order moments a(c?cc)! ! (c?)!cc!

formation in a pulsed corona discharge used for "ue gases. | !CZ'%| =1 %“H, " is a parametrization factor,

Guo and Wu{9] haye developed amore sophisticated secqnd generically close to unityyhen thehigher order correla

or_der mode! in which the Langeym t.hepry was used toe sim tion termic?ce’ | 1 ¢l ' can beneglected T, 19],

plify thg CO|!ISIOn source terms withpriori knowledge of the gvi) following original papers, 19], in this work" is consid

relaxation times of electron energy and momentum. Another, ered to be equal to 1

recent, second order model has been derived by Beckér '

[51] as a simplilcation of their more complete model eon  As we have already mentioned, an alternative approach has

taining four momentslfg]. They illustrate that this simpli'ca been described by Beckeral [16].
tion can be done without loss of accuracy, if the characteristic

frequency of the electric !eld alteration in the discharge is _
small in comparison with the momentum dissipation fré. The MC particle model

guency of the electrong ).
As a reference model we use a Particle-in-Cell Monte Carlo

(PIC/MC) code. We assume that PIC/MC model can simulate
the full physics of ionization waves in 1D, so that agreement
The high-order "uid model considered in this paper ha&gtween a "uid model and the PIC/MC results can validate
recently been derived ir1[19], where the in!nite system of the "uid model.

moment equation®)(is truncated at the level of energy "ux Of course, the cross-sections used in the PIC code also
balance by approximating the pressure tensor with a scdlave to be used to generate the coeflcients of the "uid model
kinetic pressure. The collisional terms were evaluated usifegg. the mobility or ionization rate). This is discussed in more
momentum transfer theonp2Eb4]. For more details of the detail in the next section.

derivation we refer tol]. The high order "uid model consists The construction of a planar front is straightforward in
of balance laws for the electron densityor the average elec "uid models, as the spatial derivatives are simply evaluated
tron velocityv, for the average electron enerigynd for the in one direction only. However, in the particle model €lec
average electron energy "l X trons move in all three spatial dimensions and hence, the

2.3. The high-order model
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three-dimensional setting has to be restricted as in previplsnar streamer fronts in Ne using the cross section#set of
work [7,19]. [57], which includes seven cross sections# for electronic
excitations and cross section# for ionization as well as
cross section#for momentum transfer in elastic collisions.
Transport data required as input in the "uid models are

In this section#we brie"y discuss how the transport data f@lcula_ted _using the same set of cross sections#for electron
electrons are calculated and implemented in our "uid mod&gattering in Ne. B o
of negative planar streamer fronts. The electron transport!n 'gure#(a) we show the electron mobility (multiplied by
data employed in this work are calculated using a multi-tefff 9as number density) as a function of the reduced electric
theory for solving the Boltzmann equation. The methods alfdd £/no, and in 'gure¥(b) the diffusion coeflcient is shown.
techniques are by now standard and the readers are referrd@f@tion of the ionization rate coeflcient and mean energy
our previous workZ3, 52). are shown on panel§(c) and1(d), respectively. We see that
Transport and reaction data for electrons jnhiive been the ionization rate becomes signilcant at the higher values of
recently publishedl] 55, 56] and in this paper the emphasi§/”_0 When suflcient electrons have enough energy to undergo
is placed upon the data for electrons in Ne. Calculationsi@fization. From the prolles of the mean energy, we observe
transport data at a temperature of 293 K are performed fiyr distinct regions of transport & increases. First, there
reduced electric leldsH/no) ranging fronl! 10'4 1! 10° is an initial plateau region where the electron energy is thermal
Td (1 Td= 1! 10° 2Vm?). The Irst-order model is based on(3KT/2! 0.03¢t eV). Second, there is a region of sharp rise as
the local leld approximation; it requires the electron mobilithe electrons start to rapidly gain the energy from the electric
diffusion coeflcient and ionization rate as a function of thtld. Third, there is a second small plateau region due to large
reduced electric leldE/ng (Wwhereng is the gas number den €nergy loss of the electrons as the inelastic channels become
sity). The second-order model is based on the local mdayportant. Finally, there is another region of rapid rise, as both
energy approximation and the transport data, including eléee elastic and inelastic processes drop off with high energy,
tron mobility, diffusion coeficient and ionization rate as welRnd the electrons start to rapidly gain energy from the strong
as rate coeflcients for relevant processes are functions of f{gctric ‘eld. _ _
electron mean energy. The correspondence between the medf 'gures#2(a) and (b) we display the rate coeflcients
energy and:/ng is used to !nd transport data for a given meal9r momentum transfer in elastic collisions and the average
energy. The high-order "uid model requires average collisi@nergy loss in one energy relaxation til ;% through non-
frequencies for momentum and energy transfer in elastic &@stic processes, respectively.
inelastic collisions, and rate coeflcients for all collision pro In !gure#3(a) we show the rate coeflcients as a function
cesses as a function of the mean electron energy. As forah¢he mean electron energy for all collision processes. We
second-order model, the correspondence between the nmampare the rate coeflcients for momentum transfer in elastic
energy andi/ng is used to Ind the collision frequencies. Theollisions, the rate coeflcient for total inelastic rate (sum of
momentum transfer collision frequency has not been -detelt rates for inelastic processes without ionization) and the
mined directly from the cross sections#but rather from the fohization rate in !gure8{b). The ionization rate is signilcant

4. Transport parameters

lowing equation: for relatively high mean energies (i.e. hifjfng) and is essen
e tial for modeling of streamers. From !guB{l) we see that
'm= o)’ (20) the ionization rate dominates the total inelastic rate for mean

energies higher than 2% which re"ects the energy depend
wheree andm are the electron charge and mass, respectivelyice and magnitude of the cross sections#for ionization and
andp(!) is the electron mobility which is here a function of thelectronic excitation.

mean energy. Since momentum transfer thebrp? is used

to determine the transfer of energy in the "uid equations, we . -

use the following expression for the average energy lastén ©- Simulation conditions

energy relaxation tim ,”, through non-elastic proces$&ss2] In this work we consider 1D geometry and we simulate-nega

m Cu# " ) w@ tive planar fronts. All "uid models are simulated in noble gas

0 | # # 0,4 | $ 1 (0

— " o —e 17 (21)  Ne and molecular gasyMt standard temperature and pressure

_ . # : ~ (STP). The electric !elcE = E€ (whereé is the unit vector

The inelastic channelé are governed by threshold energiem the.x direction) drives the dynamics. We takeas a posi

y and collision frequencies for inelastic and superelastige value; therefore electrons drift to the left, and negative

processet- and!.®, respectively. All collision frequenciesstreamer ionization fronts move to the left as well.

(including the ionization collision frequenci! () depend on

the elect.ron mean energy. The collision frequepcy for eNeY Boundary conditions

transfer in elastic collision¢ is delned by equation#(43) in

Dujko er al [1]. To create steady propagation conditions for the negative front,
The PIC/MC model requires a set of cross sections#tfoe electric leld on the left boundagy= 0 is Ixed to the time

electron scattering in Ne. This work considers negatiugdependent valugy:

0=

5
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Figure 1. (a) Mobility, (b) longitudinal and transverse diffusion coeflcient, (c) ionization rate and (d) mean energy, for electrons in Ne as
a function of the reduced electric !eliny. These coeflcients are used as input for the !rst-order model. The data are obtained from our
multi-term solution of the Boltzmann equation.
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Figure 2. Input data for the high-order "uid model in neon: (a) Average collision frequency for momentum transfer in elastic ¢ pjlisions
normalized by the neutral gas densigyand (b) the average energy lost in one energy relaxatior! !elnthrough non-elastic processes.
Both quantities are shown as a function of the mean electron energy.

we set the system lengthto 10mm and we use 8500 grid
points, so that the grid spacing is about Jui8

The electric !eld forx > 0 is calculated by integrating equa Homogeneous Neumann numerical boundary conditions
tion#(0) numerically over, with (22) as a boundary condi are imposed for all conserved variables in all models on both
tion. The right boundary is locatedxat L; in all calculations of the ends of the system. However, all calculations end before

E(0,t) = E> O. (22)
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Figure 3. Rate coeflcients (1-momentum transfer in elastic collisiof8, &ectronic excitations and 9-ionization) in neon as a function of

the electron energy, calculated with the multi-term solution of the Boltzmann equation#and (b) momentum transfer rate, total inelastic rate
and ionization rate. For reference, the ionization energy of neon is aboa¥21.6

the ionization reaches the boundary, in other words, before sieh an explicit time stepping method, there are typically at
boundary conditions start to become relevas}. [ least three restrictions Ar [67869):

' & C,! x/v CFL condition, (24)
5.2. Initial conditions
! I x2/D, lexplicitdiffusion!limi
We start all simulations with the same initial Gaussian distri P Cal X%/, lexplicitidiffusiontlimit, (25)
bution for electrons and ions . ) o
At < 1/ n.e) \dielectriclrelaxation!limit, (26)
! I 2$
N(X)l—o= 1" exp# M@ (23) whereAx is the spatial step sizB, the diffusion coeflcient,
ag 0

I the permittivity, the electron mobility;, the electron den
where we have chosen* = 2! 10 m' 3, x,= 9mm and Sity ande the elementary charg€, andC, are the maximal

o =2.94 x 10~ mm. The initial conditions for the averageCourant numbers for advection and diffusion equati@ob#|
electron velocity, average electron energy and average elbige Courant number depends on the particular time-integra
tron energy "ux are taken to be Spatia”y homogeneous_ Th@g@ method and space discretization. Note that the !rst two
quantities are assumed to be relaxed to the background e#é@ditions should actually be combined and that the last con
tric leld when the simulation starts, with the values for thdition does not depend on the transport scheme used for the

leld given by a multi term solution of Boltzma@hequation, €lectrons.
as already discussed in sect®n# The CFL time step restriction for the high order "uid model
is given by the following formula

5.3. Numerical method 2! x 3m

(27)
The LEA and LFA "uid models are spatially discretized using
the scheme described iB9. The high-order "uid model is whereC;, is the maximal Courant numbeir9].

discretized using FORCE schen®0,[61]. As we already  As stated above, we here focus on the accuracy of the
mentioned above, for all cases our spatial grid consistednuddels, not on their computational eflciency. Therefore, we
8500 points, with a spacing of about 1 8. Numerous have simply used a very small constant time step of 0.1 ps for
studies have been devoted to the comparison of the accurdktinodels, satisfying all the above conditions.

of numerical schemes for advection problems in different situ

ations (see e.g6pE66]). In the present paper, we explicitly

do not investigate the effect of the numerical schemes on g WWhat to do when ne !
simulation models. Instead, we use a small enough time si¢pany plasma "uid models the transport coeflcients depend
and spatial resolution so that the results are essentially ingl¢ the mean energy. However, the models typically contain
pendent of the numerical scheme, see also settion# equations#for the evolution of the energy denQ = n!). To

get the mean energy at every point, we would like to simply
compute

0?

5.4. Time stepping

. . . .. . | =
For the time integration we use explicit trapezoidal rule for the '=Q/n (28)
LFA and LEA models, and the classical fourth-order Rngé&nfortunately, this simple expression leads to problems where
Kutta 4 (RK4) schemeg[7] for the high order model. With n! 0, not only because one can not divide by zero numerically,
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Figure 4. Velocities of planar fronts as a function of the electric !eld obtained with all the models in Ne (a) ang)n\Ne remark that
the negative sign of all velocities is removed here.

but also because round-off errors get large. Therefore, we 6s€omparison results
the following regularization:

Q+ " 1(E) In this section#we compare the simulation results obtained
= #f (29) With the "uid models and the PIC/MC model. As mentioned

n+ "o before, the simulations are performed in nitrogen and neon

where!{(E) is the relaxed mean energy in an electric lel@t STP. For Ne we consider the following externally applied
of strength, and: 4 is a small density. Using equatic2@)( electric !'eldS: 130,' 170, 210, 350 and 460 Td, while for N
instead of equation2g) makes no difference when! 1, We consider electric !elds of 350, 460, 590, 770 and 1000 Td.
But wheren! !, using 29) ensures that the mean energy i%/€ use higher !elds for nitrogen because it is a molecular gas,

approximately relaxed to the background electric leld. For tighile neon is a noble gas. '
results shown in sectidve have usel ;= 1012m' 3, Before we proceed to the actual comparisons, we would

like to emphasize one more time that the same collisional
cross-sections have been used for the particle model as for the
generation of the transport data for the "uid models.

5.6. Implementation difficulties

We here make use of_ e_xplicit time steppi_ng. The_re are t\Wq pocic comparison of planar fronts in Ne
reasons for that: implicit schemes are tricky to implement

for models that depend on tabulated input data and implikit!gure# the velocities of planar fronts as a function of the
schemes are computationally much more costly (per tireeternal reduced electric !eld for Ne and &re shown. These
step). For time-dependent simulations one is bound to CRelocities are calculated by following the time evolution of a
like time step restrictions for accuracy, even with an impliaiertain level2! n*, see equatior2g)) of the electron density
scheme. Therefore, explicit schemes are often more pratthe streamer front. In both gases, the LFA model shows the
tical. On the other hand, the use of explicit time stepping Hasgest deviation with the PIC/MC results. The front velocity
some implications for the numerical stability of the differens always too low with this model, with larger deviations at
models. higher lelds.

With the LFA model we did not encounter any problems. The LEA and high-order model perform about equally
With the LEA model, oscillations in the electron energgood. Note that in neon their predictions are remarkably sim
occurred for the higher !elds in nitrogen (see sect@n# ilar. For lower lelds in nitrogen, LEA is almost indistinguish
Such oscillations were also observedit]] where the LEA able from PIC/MC, while for higher lelds it is about 10%
model was described in quite some detail. Instead of ussigwer. On the other hand, the high order model slightly-over
an implicit scheme, as iI¥]], we have increased the valuesstimates the velocity, and has a better agreement with PIC/
of 1, and decreased the time step, as described in the M€ at higher lelds.
vious sections. Although this works, it is a far from perfect As expected, the LFA model has the lowest front veloci
solution. ties: with the local !eld approximation, there is no energy

The high-order model is even more sensitive to any soutcansport. The LEA and high-order model include energy
of oscillations due to lack of explicit diffusion present itransport, which leads to higher electron energies at the edge
both LFA and LEA. The pure hyperbolic nature of the equaf the front, and thus faster growth.
tions#forces any non-smoothness (caused by discrete nature bof Igurets we show the relative difference of the electron
the input data) in the solution to drift in (or out) of the domaidensity in the streamer channel compared with PIC/MC as a

8
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Figure 5. The relative differences of the electron densities in the channel of the negative planar fronts from all "uid models compared with
PIC/MC as a function of reduced electric 'eld in Ne (a) and ir{t\.
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Figure 6. The average electron energy in the four different models. Left: results for neon at 8.5 ns and 170 Td. Right: results for nitrogen
at 6.0 ns and 350 Td. Pro!les of the electric !eld and the electron number density from the high order "uid model are also included, to
indicate the location of the front. For clarity, the energy prolles are shifted to align with the PIC/MC curve.

function of E/ng. In neon, the LFA model shows the largestensity, unlike the LFA model. If we assume that in the LFA
deviation: it systematically underestimates the electron denodel the electron energy instantaneously relaxes to the elec
sity by up to 18% and 13% for Ne and ispectively. The tric leld, we can calculate electron energies directly from the
difference is larger for higher electric !elds. The LEA modédkld. In !gure#6 electron mean energy prolles for the four
does slightly better than high-order model, with both showimgodels (LFA, LEA, high order and PIC/MC) are presented,
deviations of up to 5%. at 8.5 ns in Ne at 170 Td. We have also included the prolles
In nitrogen, the LFA model shows the best agreement fafr the electric !eld and the electron density obtained from
lower electric !elds. At higher electric lelds, it underesti the high order model to indicate the streamer head position.
mates the electron density in the channel. On the other haneg, have shifted all the prolles to align them with the particle
the LEA and high-order model overestimate the electron demodel for comparison.
sity. The LEA model does slightly better, and its results seemin Igure# energy prolles are shown for neon (at 8.5 ns, 170
to improve for higher !elds. Td) and nitrogen (at 6.0 ns, 350 Td). The LEA and high-order
model give almost the same energy prolle in the channel, but
i o near the front the high-order model captures the slope in the
6.2. Comparison of average electron energies in different . .
models mean energy slightly better. Because the high-order model
contains balance equations#for the momentum and average
In many applications it is important to be able to correctly canergy "ux, it can give a better description of the front region.
culate the space resolved prolles of the average electron enerNot surprisingly, the LFA model gives a poor prediction
gies. The LEA and high order "uid model can calculate suébr the mean energy in the channel. The reason is that in
prolles as they contain an equation#for the electron enethig region the electric !eld is entirely screened in 1D (when

9
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6.0 130 transport data, numerical stability or computational cost.
fffff 252:232 Zﬁifsy flux ] Therefore, our results should not be interpreted as de!nite
501 125 advice on which model to use.
0. ] 00 o Since "uid models of different order have different math
& - __ ematical morphologies and are non-linearly coupled to
€ 30l 115 ©  the Poisson equation, the sensitivity of results to the used
S 5 numerical scheme, grid size, time step, boundary condition
. 20+ 410 § and spatial dimension can differ. For example, the presence
> : o~ of adaptive (or static) grid re!nement will produce more and
1.0 105 3 more uncertainties. In the case of adaptive grid re!nement one
should study the in"uence of the relnement criterion on the
0.0 00 simulation results73]. The choice of mesh adaptation can

25 26 27 28 29 30 be#talso an issué4] 75]. In the higher dimensions the uncer
tainties associated with (complex) geometries and rough
nesses of the interfaces become very critical. It is very hard
Figure 7. The same instant and plot as in !g@esut now average to predict how stable certain model will be under these more
electron velocity and average electron energy "ux are plotted for Kealistic conditions.

at externally applied electric !eld of 170 Td. An additional source of uncertainty are the transport coef!

cients. In earlier studies, it was observed that small differences

'1Eo = 0), and therefore LFA predicts a (thermal) mean enerﬁ¥ cross-sections can produce large differences in plasma
of 0.038&V. What is surprising however, is that the LFA and P g P

LEA model predict a similar slope near the front parameters{6, 77]. The sensitivity of the models to transport

The particle model suffers from a lack of electrons whe(r:((a)eﬂderr[S should be investigated.
P The complexity of models depends on the number of the

fhe density goes to zero, and .StOChaStIC noise 1s Ioresentmmments of the Boltzmann equation#that are used. The more
Igureib, the particle model predicts a mean electron energy

: p%ysics we put in a model, the more complex it becomes: there
around &V and eV for Ne and b, respectively. are more equations#to be solved, more initial and boundary

conditions to be speciled and more input data is required.
6.3. Average speed and average energy "ux With the complexity of the system the associated uncertain

In thi tion#we illustrate the feat st h tties also grow. Therefore, it is up to the modeler to decide for
n this sectionzwe 1ustrate the features ot streamers thal ik, type of discharge and under given conditions (geom

captured by the high order “uid model, nam?Iy the avera fries, parameter range, etc) what type of model to consider.
electron speed and average electron energy “ux. The averag he classical "uid model is equally valid for both the elec
tel_ectron speedtcan Eel properly det_scn;e_d by moddiisdt_kf}fat 4P8hs and ions. If ions are going to be included, then the most
an a _moTen urg 12 alrg:elgqula |?n ('#‘;' no P:I i 'thus'ﬂﬂportant ion species must be identiled and transport data
approximation) 13, 14, 16, 19]. In lgure#7 we show "e f?r these species must be either collected from the literature,
average electron speed and average electron energy UX3Phould be calculated by solving Boltzm@equation#or

Ne. In the region ahead of the front, where there is a C®Y a Monte Carlo simulation technique. In particular, the ion

ic ! . : . :
stant electric !eld, the average electron speed have a c namics play an important role in the propagation of nega

acteristic slope, a non-local effect. In contrast to this regio[v planar ionization fronts in light gases as well as for so-
in the streamer channel average electron speed is essen %ﬁ%d long streamers

zero. This follows from the much faster electron momentum The local energy approximation model for is invalid for

relaxation than electron energy relaxation. As illustrated '%’ns.The "uid equations#in this model are derived assuming the

Dujko er al [1] for elegtror_ls in B the collision frequenf:y (@lassical theor§of charged particle transport which is based
for momentum relaxation is almost !ve orders of magnitu the two-term approximation for solving the Boltzmann

higher than the collision frequency for energy transfer. T%%uation#?[& 79, However, the two term approximation is
average electron energy "ux is often explicitly neglecte) [, never valid for ions as even in elastic collisions there is a large

14, 72). The |m_portance of the average electron energy Yactional energy exchange between ions and neutral particles.

balance equations# was recently highlighted by Becker %ﬁa consequence, the ion velocity distribution is generally

Lofthagen 6] and by Markosyaet al [19). signilcantly distorted from spherical symmetry in velocity
space 80, 81]. The local energy approximation model has

7. Discussion been used many times in the past for electrons only while for
ions usually the classical "uid model was assuntg] 14].

In this paper we have compared three "uid models to MorAdternatively, one may employ the Wannier relation to relate

Carlo simulations, using input data based on the same crtb&sion temperature and temperature of the background gas

sections. We have investigated how well the "uid models cf8?] in association with the Einstein relation for evaluation of

capture the physics of an ionization wave in 1D. Our focti®e diffusion coeflcient 83].

was on the physical predictions of the models, not on-prac The high-order "uid model is, however, equally valid

tical aspects such as ease of implementation, availabilityfof ions and electrons. In principle, the RHS of the balance

X [mm]
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sion frequencies for momentum and energy transfers in colli

sions between ions and neutral particles are required as 'nﬂléﬁ‘erences

However, for practical purposes model collision operators can

be used to derive analytical expressions for the components of
temperature tensor as discussedi) §5] [1] Dujko#S, Markosyan#A#H, White#R#D and Ebert#U 2013
) High-order "uid model for streamer discharges: I.

. . ; . h-or
An integral part of plasma simulations should be ver!ca Derivation of model and transport daltzhys. D

tion and validation (V and V)8, 87]. Indeed, for just this 46875202
purpose, there has recently been an explicit call for ensurifg] Pasko#V 2006 Theoretical modeling of sprites andjetses,
the !delity of future simulation tools22, 88, 89]. In the !eld Elves and Intense Lightning Discharges (NATO Science

of radio frequency discharges some pioneering work has — Series Il: Mathematics, Physics and Chemistry vol 229, ed
been done by Surendr@d]. Turnerer al [91] have developed M#Rlekrug et al (Berlin: Springer) pp 25811

y . : teta [_ ] P [3] Ebert#U and Sentman#D#D 2008 Streamers, sprites, leaders,
benchmark solutions for capacitive discharges and showe lightning: from micro- to macroscaldsPhys. D
that a number of independently developed particle-in-cell 41230301
simulations can reproduce the benchmark solutions. n pdf Starikovskiy#A and Aleksandrov#N 2013 Plasma-assisted

ticular, the swarm literature contains many models suitable for ~ 1gnition and combustioRrog. Energy Combust. Sci.

- : e . 39616110
benchmarking plasma models in the free-diffusion lir2g [ [5] Kong#M#G, Kroesen#G, Mor!ll#G, Nosenko#T, Shimizu#T, van
52,54, 71]. _ ) o Dijk#J and Zimmermann#J#L 2009 Plasma medicine: an
Therefore, we believe that uncertainty quantilcation introductory reviewNew J. Phys. 114115012

together with \&V should be the next step in the modelling[6] van Heesch#E#J#M, Winands#G#J#J and Pemen#A#J#M 2008
of the low-pressure plasmas. These techniques are success Evaluation of pulsed streamer corona experiments to
fully adopted by related lelds such as computational "uid determine the Qadical yields. Phys. D 41234015
y adop y related - _ putat (7] Li#C, Brok#W#J#M, Ebert#U and van der Mullen#J#J#A#M 2007
dynamics, computational Inance, climate modeling, astro Deviations from the local leld approximation in negative
physics etc$2E97). streamer heads Appl. Phys. 1014123305
[8] Chanrion#0O and Neubert#T 2008 A PIC-MCC code for
simulation of streamer propagation in &iComput. Phys.
8. Conclusions 22222
) [9] Fierro#A#S, Dickens#J#C and Neuber#A#A 2014
3-d simulation of low-temperature plasma development
We have compared the performance of three plasma "uid under pulsed condition€EE Trans. Plasma Sci.
models: a !rst order model based on the local !eld approxi 42198646
mation (LFA), a second order model based on the local ene&w Kolobov#V#l and Arslanbekov#R#R 2012 Towards adaptive

: : : kinetic-"uid simulations of weakly ionized plasmas
approximation (LEA) and a high order model. The test prob Comput. Phys, 231839

lems we considered were 1D ionization waves in nitrogen 844 arslanbekov#R#R, Kolobov#V#l and Frolova#A#A 2013 Kinetic
neon, in a wide range of electric !elds. As a reference model, solvers with adaptive mesh in phase sp2ioe. Rev. E

we have used a PIC/MC code. 88963301 _
The classical LFA model is the simplest model considerd#2] Schunk#R#W 1977 Mathematical structure of transport

Despite the simplifying assumptions present in the model ig:ﬂ%tgg#for multispecies "oWsy. Geophys.

and t.he strong recommendations b_y Grubedt [98] to us_e [13] Eichwald#O, Ducasse#0O, Merbahi#N, Yous!#M and Dubois#D
LEA instead of LFA, we !nd that using the LFA model gives 2006 Effect of order "uid models on "ue gas streamer
reasonably good results. Of course, it can not calculate the  dynamics/. Phys. D 3989 _ .

electron energy, but if one is interested in general characteld4] Kanzari#Z, Yous!#M and Hamani#A 1998 Modeling and

. L : basic data for streamer dynamics in N2 and O2 discharges
tics like velocity, ionization level or general shape of the dis J. Appl. Phys. 844161

charge, this model can be the !rst choice. ) [15] Gogolides#E and Sawin#H#H 1992 Continuum modeling of
Compared to the LFA model, the LEA and high-order radio-frequency glow discharges. I. Theory and results for
model gave better predictions for the discharge velocity. electropositive and electronegative gasegpl. Phys.
Whereas the LFA model underestimates the ionization densi 728971 o
in the channel, these models overestimate this density. Bdff] Becker#M#M and Loffhagen#D 2013 Derivation of moment
. . - equations#for the theoretical description of electrons in
the LEA and high-order model give good predictions for the nonthermal plasmasdy. Pure Math. 384352

energy prolle in the channel, but the high order model givgs;] Kushner#M#J 2004 Modeling of microdischarge devices:
a better description of the energy slope in the discharge front.  pyramidal structureg Appl. Phys. 95846
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